We study the connection between the Hilbert-Schmidt measure of entanglement (that is the minimal distance of an entangled state to the set of separable states) and entanglement witness in terms of a generalized Bell inequality which distinguishes between entangled and separable states. A method for checking the nearest separable state to a given entangled one is presented. We illustrate the general results by considering isotropic states, in particular 2-qubit and 2-qutrit states -and their generalizations to arbitrary dimensions -where we calculate the optimal entanglement witnesses explicitly.
I. INTRODUCTION
Quantum entanglement is one of the most remarkable features of quantum mechanics [1, 2] . In the last years it became clear that it can serve as a source for various tasks in quantum information theory (see, e.g., Ref. [3] ). Much attention has been paid to explore the possibilities of applying quantum systems to communication and computing protocols. Usually, these protocols use the information encoded in qubit systems; however, higher dimensional systems, e.g. qutrits, are of increasing interest (see, e.g., [4] ). Therefore it is important to get a more accurate description of entanglement, especially for higher dimensional systems, which includes detecting and measuring entanglement (for an overview see, e.g., Refs. [5, 6] ). For pure states such a description is rather simple whereas for mixed states it is is more complicated.
The detection of entanglement, that is, distinguishing between separable and entangled states, has become easy for 2-qubit states only. In this case necessary and sufficient conditions for separability have been found [7, 8] , whereas for higher dimensions there exist in general only necessary conditions for separability. In general, one can define several types of entanglement measures, for instance, entanglement of formation [9] , the concurrence [10, 11] or the so called distance measures [12, 13] .
In this paper a particular distance measure is used, the Hilbert-Schmidt distance, which quantifies the distance of an entangled state to the set of all separable states. It is discussed as an entanglement measure in Refs. [14, 15] . We will call this measure shortly HilbertSchmidt measure. In Ref. [16] it is shown that the Hilbert-Schmidt measure of an entangled state equals the maximal violation of the generalized Bell inequality which will be discussed in this article.
The paper is organized as follows: In Sect. II we discuss the mathematical basic concepts and definitions. In Sect. III we re-examine shortly the results of Ref. [16] in order to get a lemma for determining the nearest separable state to an entangled state. In Sect. IV and Sect. V we then illustrate our general results for the cases of isotropic qubit and qutrit states. Finally, in Sect. VI we discuss isotropic states in arbitrary dimensions. 
II. CONCEPTS AND DEFINITIONS
All states satisfying Eq. (1) form the set of separable states S. If a state is not separable, i.e., it cannot be written in terms of Eq. (1), then it is called entangled.
We define an isotropic state ρ α by (see Refs. [6, 17, 18] )
where the range of α is determined by the positivity of the state. The state φ d + is maximally entangled and given by
where {|i } is an orthonormal basis in H d . The state is called isotropic because it is invariant under any U A ⊗ U * B transformations (see Ref. [17] 
where U is a unitary operator, U * is its complex conjugate. The isotropic state ρ α has the following properties:
Operators on a finite dimensional Hilbert space are elements of another Hilbert space themselves, called Hilbert-Schmidt space A = A A ⊗ A B . In this space the scalar product between two elements is defined as
with the corresponding Hilbert-Schmidt norm 
Note that c ij can be diagonalized by 2 independent orthogonal transformations on σ With help of the norm (7) we can quantify a distance between two arbitrary states ρ 1 , ρ 2 , the Hilbert-Schmidt distance,
Viewing the Hilbert-Schmidt distance as an entanglement measure (see Refs. [14, 15] ) we define the so-called Hilbert-Schmidt measure
which is the minimal distance of an entangled state ρ ent to the set of separable states.
An entanglement witness A ∈ A is a Hermitian operator that 'detects' the entanglement of a state ρ ent via inequalities [8, 16, 20, 21] 
Geometric illustration. For a geometrical illustration of the above inequalities let us consider the following: In Euclidean space a plane is defined by its orthogonal vector a. The plane separates vectors which have a negative scalar product with a from vectors having a positive one; vectors in the plane have, of course, a vanishing scalar product (see Fig. 1 ).
This can be compared with our situation: A scalar functional ρ, A = 0 defines a hyperplane in the set of all states, and this plane separates 'left-hand' states ρ l satisfying ρ l , A < 0 from 'right-hand' states ρ r with ρ r , A > 0 . States ρ p with ρ p , A = 0 are inside the hyperplane. According to the Hahn-Banach theorem, one can conclude that due to the convexity of the set of separable states, there always exists a plane that separates an entangled state from the set of separable states.
FIG. 2: Illustration of an optimal entanglement witness
An entanglement witness is 'optimal', denoted by A opt , if apart from Eq. (11) there exists a separable stateρ ∈ S such that ρ, A opt = 0 .
It is optimal in the sense that it defines a tangent plane to the set of separable states S and is therefore called tangent functional [16] ; see According to Ref. [16] , we call the lower one of the inequalities (11) a generalized Bell inequality, short GBI. 'Generalized' means that it detects entanglement and not just nonlocality. Thus it doesn't serve as a criterion to distinguish between a local hidden variable (LHV) theory and quantum theory as the usual Bell inequality does. However, pay attention that in literature the term 'generalized Bell inequalities' is also often used for inequalities that detect non-locality, but are of more general form (more measurements, etc.) than Bell's original inequality (see, e.g., Refs. [20, 22] ). Bell inequalities, like the CHSH inequality (Clauser, Horne, Shimony, Holt) [23] 
with unit vectors a, a ′ , b, b
do not necessarily detect entanglement. But the inequality (13) has to be satisfied by any state ρ that admits a LHV model. There exist examples of entangled states -so-called Werner states [24] -that do not violate the CHSH inequality. Nevertheless, every entangled state violates the GBI for an appropriate entanglement witness A.
Let us re-write Eq. (11) as
The maximal violation of the GBI is defined by
where the maximum is taken over all possible entanglement witnesses A, suitably normalized, and a is the coefficient of the unity term of the general expression (8) . A general expression for quantifying entanglement with entanglement witnesses can be found in Ref. [25] .
B. Qubits
A qubit state ω, acting on H 2 , can be decomposed into Pauli matrices
Note that for | n| 2 < 1 the state is mixed (corresponding to Tr ω 2 < 1) whereas for | n| 2 = 1 the state is pure (Tr ω 2 = 1). We can write any density matrix of 2-qubits ρ acting on H 2 ⊗ H 2 (for convenience we drop the indices A and B from now on) in a basis of 4 × 4 matrices, the tensor products of the identity matrix ½ and the Pauli matrices σ i ,
A product state ω ⊗ ρ has the form
Any separable state can be written as the convex combination of expression (18),
C. Qutrits
The description of qutrits is very similar to the one for qubits. A qutrit state ω on H 3 can be expressed in the matrix basis {½, λ 1 , λ 2 , . . . , λ 8 } with an appropriate set
The factor √ 3 is included for a proper normalization (see, e.g., Refs. [26, 27] ). The matrices λ i (i = 1, ..., 8) are the eight Gell-Mann matrices
with properties Tr λ i = 0, Tr λ i λ j = 2 δ ij . A 2-qutrit state, acting on H 3 ⊗ H 3 , can be represented in a basis of 9 × 9 matrices consisting of the unit matrix ½ and the eight Gell-Mann matrices λ i ρ = 1 9
By the same argumentation as for qubits any separable 2-qutrit state is a convex combination of product states
III. CONNECTION BETWEEN HILBERT-SCHMIDT MEASURE AND ENTANGLEMENT WITNESS
A. Geometrical Considerations about the Hilbert-Schmidt Distance
Before we are going to discuss the Bertlmann-Narnhofer-Thirring Theorem [16] let us consider the Hilbert-Schmidt distance. The geometrical illustration we are going to derive turns out to be helpful for the proof of the Theorem.
We can write the Hilbert-Schmidt distance of any two states ρ 1 , ρ 2 ∈ A as
where we define the operatorC
Instead ofC we may also choose C :=C + c ½ (c ∈ ) and find
and obtain
Analogously to Euclidean space we define a hyperplane P that includes ρ 1 and is orthogonal to ρ 1 − ρ 2 as the set of all states ρ p satisfying
For all states on one side of the plane, let us call them 'left-hand' states ρ l , we have 
whereas the states on the other side, the 'right-hand' states ρ r are given by
For an illustration see Fig. 3 .
We can re-write Eqs. (29) , (30) , and (31) with help of operator C by using
Then the plane P is determined by
and the 'left-hand' and 'right-hand' states satisfy the inequalities ρ l , C < 0 and ρ r , C > 0 .
B. The Bertlmann-Narnhofer-Thirring Theorem
Interestingly, one can find connections between the Hilbert-Schmidt measure and the concept of entanglement witnesses. In particular, there exists the following equivalence stated in the Bertlmann-Narnhofer-Thirring Theorem [16] :
Theorem. The Hilbert-Schmidt measure of an entangled state equals the maximal violation of the GBI:
FIG. 4: Illustration of the Bertlmann-Narnhofer-Thirring Theorem
Proof. We want to prove the Theorem in a different way as in Ref. [16] .
For an entangled state ρ ent the minimum of the Hilbert-Schmidt distance -the HilbertSchmidt measure -is attained for some state ρ 0 since the norm is continuous and the set S is compact min
In Eqs. (26) and (28) we identify ρ 1 = ρ 0 and ρ 2 = ρ ent and with C given by Eq. (28) we obtain the Hilbert-Schmidt measure
In Eq. (37) the operator C has to be an optimal entanglement witness for the following reason: The state ρ 0 lies on the boundary of the set of all separable states S and the hyperplane defined by ρ p , C = 0 is orthogonal to ρ 0 − ρ ent . Because ρ 0 is the nearest separable state to ρ ent the plane has to be tangent to the set S (see Fig. 4 ). Eqs. (33) , (34) imply the inequalities (11), it therefore follows that C is an optimal entanglement witness
which we use to rewrite the Hilbert-Schmidt measure (37)
Note that in general the operator C of Eq. (28) (where ρ 1 and ρ 2 are arbitrary states)
is not yet an entanglement witness. Since the entanglement witness is optimal, i.e.,
where A is restricted by A − a½ ≤ 1 and ρ 0 , A opt = 0 , we obtain
which completes the proof. Similar methods for constructing an entanglement witness can be found in Ref. [28] ; for other approaches see, e.g., Refs. [29, 30, 31] . 
C. How to Check a Guess of the Nearest Separable State
Given an entangled state ρ ent , for the Hilbert-Schmidt measure we have to calculate the minimal distance to the set of separable states S, Eq. (10). In general it is not easy to find the correct state ρ 0 which minimizes the distance (for specific procedures, see, e.g., Refs. [32, 33, 34] ). However, we can use an operator like in Eq. (28) for checking a good guess for ρ 0 .
How does it work? Let us start with an entangled state ρ ent and let us callρ the guess for the nearest separable state. From previous considerations (Eqs. (28) , (29) and (33)) we know that the operatorC =ρ
defines a hyperplane which is orthogonal toρ − ρ ent and includesρ. Now we state the following lemma:
Lemma. A stateρ is equal to the nearest separable state ρ 0 if and only ifC is an entanglement witness.
Proof. We already know from Sect. III B that ifρ is the nearest separable state then the operatorC is an entanglement witness. So we need to prove the opposite: IfC is an entanglement witness the stateρ has to be the nearest separable state ρ 0 . We prove it indirectly. Ifρ is not the nearest separable state then ρ ent −ρ does not give the minimal distance to S; the plane defined by ρ p ,C = 0 is not tangent to S and thus the existence of 'left-hand' separable states ρ sep satisfying ρ sep ,C < 0 follows. That meansC cannot be an entanglement witness (inequalities (11) are not fulfilled), see Fig. 5 .
Remark. Of course, in general it is not easy to check wether the operatorC is an entanglement witness. However, for some cases (like in Sects. IV, V and VI) it is easier to apply the Lemma than using other procedures to determine the nearest separable state. IfC is indeed an entanglement witness then, because it is tangent to S, it is optimal and can be written asC = A opt , exactly like Eq. (38). It is the operator for which the GBI is maximally violated.
IV. ISOTROPIC QUBIT STATES
For illustration we present now examples. In Ref. [16] the 2-qubit Werner state has been studied -here we consider the isotropic state in 2 dimensions (acting on
where
In matrix notation in the standard product basis {|0 ⊗ |0 , |0 ⊗ |1 , |1 ⊗ |0 , |1 ⊗ |1 } we get
whereas in terms of the Pauli matrices basis (17) the state can be expressed by
with the definition
We know that ρ α is (recall Eq. (5))
To compute the Hilbert-Schmidt measure for an entangled isotropic state ρ ent α we need to calculate D(ρ
, that is, we need to find the nearest separable state ρ 0 to the entangled state in order to obtain D(ρ
. From the separability condition (48) we see that the state with α = 1/3 lies on the boundary between separable and entangled isotropic states. Thus our guess for all isotropic entangled qubit states is (and we call itρ):ρ
Now we have to check that the operatorC (42) is an entanglement witness (see Lemma in Sect. III C). For this purpose we calculate the expressions
(note that Σ = 2 √ 3) and
Then the operatorC is explicitly given bỹ
We examine thatC is an entanglement witness, i.e., we check inequalities (11) . For the entangled state (where α > 1/3) we get
So the first condition is satisfied. The second one, the positivity of ρ,C for all separable states ρ we see in the following way. With notation (19) for ρ sep the scalar product is
We have to show that 
we find indeed that Eq. (55) is satisfied
which completes the proof that ρ,C ≥ 0 ∀ρ ∈ S. SoC represents an entanglement witness
and our guess for the nearest separable state was correct,ρ = ρ 0 .
The Hilbert-Schmidt measure for the entangled isotropic state is determined by Eq. (50),
It only remains to check the Bertlmann-Narnhofer-Thirring Theorem (35). Thus we calculate the maximal violation B(ρ ent α ) (15) of the GBI. The maximum is attained for the optimal entanglement witness A opt and the minimum for the nearest separable state ρ 0 . Then Eq. (53) determines the value of B(ρ ent α ) (recall that ρ 0 , A opt = 0) ½ ,
In matrix notation in the standard product basis
we have
In the Gell-Mann matrices representation (22) the state ρ α can be expressed by (see also Ref. [27] )
From Eq. (5) we know that
By the same argument as in the qubit case we guess the nearest separable state to the state (64)ρ = ρ 1/4 = 1 9
Again, to check our guess we examine that the operatorC (42) is an entanglement witness. We need the following expressions
(where Λ = 4 √ 2) and
ThenC (42) is explicitly given byC
Now let us check the entanglement witness conditions (11) forC
So the first condition is satisfied since α > 1/4; for the second one we obtain
Since the inequalities (56) apply here as well we have
so that ρ sep ,C ≥ 0 . Indeed,C represents an entanglement witness and we identify
With Eq. (68) the Hilbert-Schmidt measure is
and by the same argumentation as for qubits the maximal violation B(ρ 
So again, D(ρ ent α ) = B(ρ ent α ) , we see that the Bertlmann-Narnhofer-Thirring Theorem is satisfied.
VI. ISOTROPIC STATES IN HIGHER DIMENSIONS
Finally, we want to show how we can generalize our isotropic qubit and qutrit results to arbitrary dimensions. A general state on H d can be written in a matrix basis ½, γ 1 , . . . , γ Remark. For the limit of infinite dimensions, d → ∞ , the distance or the maximal violation of GBI approaches the parameter α , that means, the region where the isotropic state is separable shrinks to zero (see in this connection Refs. [33, 34] ).
VII. CONCLUSIONS
In this paper we enlighten the connection between the Hilbert-Schmidt measure of entanglement and an optimal entanglement witness. This connection is viewed via the BertlmannNarnhofer-Thirring Theorem (35) which states that the Hilbert-Schmidt measure equals the maximal violation of a generalized Bell inequality. This inequality detects entanglement versus separability and not like the original Bell inequality non-locality versus locality. Furthermore, we present a method how to guess the nearest separable state to a given entangled state. We illustrate the general results with the examples of isotropic qubit and qutrit states and show a possible generalization of the method for isotropic states of higher dimensions.
However, we remark that in general for non-isotropic states the situation might turn out to be rather different. The reason is that our method for constructing an optimal entanglement witness, Eq. (38), involves the nearest separable state ρ 0 to a given entangled one, which in general might turn out to be a difficult task. But in some cases, like in the case of isotropic states, the Lemma presented in the article will be helpful to use.
